Abstract. Let k be an arbitrary field of characteristic zero, k[x, y] be the polynomial ring and D a k-derivation of the ring k [x, y]. Recall that a nonconstant polynomial F ∈ k[x, y] is said to be a Darboux polynomial of the derivation D if D(F ) = λF for some polynomial λ ∈ k[x, y]. We prove that any two linearly independent over the field k commuting kderivations D1 and D2 of the ring k[x, y] either have a common Darboux polynomial, or D1 = Du 1 , D2 = Du 2 are Jacobian derivations i.e., Di(f ) = det J(ui, f ) for every f ∈ k[x, y], i = 1, 2, where the polynomials u1, u2 satisfy the condition det J(u1, u2) = c ∈ k ⋆ . This statement about derivations is an analogue of the known fact from Linear Algebra about common eigenvectors of pairs of commuting linear operators.
Let k be an arbitrary field of characteristic zero, k[x, y] be the polynomial ring over k. One of the important questions in study of derivations of polynomials rings is the question about existence Darboux polynomials for a given k-derivation D ∈ Der(k[x 1 , . . . , x n ]) (recall that a polynomial F ∈ k[x 1 , . . . , x n ] \ k is said to be a Darboux polynomial for a derivation D if there exits λ ∈ k[x 1 , . . . , x n ] such that D(F ) = λF ). There are many papers about Darboux polynomials of derivations (see, for example [3] , [6] ). It is known that for every n 2 the polynomial ring k[x 1 , . . . , x n ] has a derivation without Darboux polynomials (see, for example [5] ).
Since The main result of this paper shows that with the exception of above mentioned examples any two commuting derivations of the polynomial ring k[x, y] always have a common Darboux polynomial.
The notations in the paper are standard (see, for example, [3] ). For an arbitrary polynomial u ∈ k[x, y] we denote by D u the Jacobian derivation determined by the rule 
Proof. Let
where
and therefore P 1 Q 2 = P 2 Q 1 . As gcd(P 1 , Q 1 ) = 1, we have P 1 = λP 2 and
One can analogously show that P 2 = νP 1 and
This yields the equality
The next result is a very special case of Theorem 2.4 from [2] , where polynomial Lie algebras over the field C were studied. We give here an elementary proof of this special result over an arbitrary field.
∂y be commuting derivations of the polynomial ring k[x, y] over an arbitrary field k. Then for the
Proof. Prove, for example, that
). We have equalities
.
( this can be shown by straightforward check). Therefore
After substituting D i (P 1 ) and D i (Q 1 ) in the last equality we obtain
). After opening the brackets and cancellation we get
One can analogously show that 
But it is easily shown that
and consequently the polynomial det J(u 1 , u 2 ) is divisible by F. This is impossible because det J(u 1 , u 2 ) = c ∈ k ⋆ . This contradiction concludes the proof. Proof.
and consider at first the case when ∆ = 0. Then the rows of the matrix 
